We develop new improved real-time delay estimators, based on recent customer delay history, in many-server service systems with time-varying arrivals, both with and without customer abandonment. These delay estimators may be used to make delay announcements. We model the arrival process by a nonhomogeneous Poisson process, which has a deterministic time-varying arrival-rate function. Our estimators effectively cope with time-varying arrivals together with non-exponential service-time and abandonment-time distributions, which are often observed in practice. We use computer simulation to verify that our proposed estimators outperform several natural alternatives.
Introduction
In this supplement to the main paper, we present additional simulation results. The rest of this supplement is organized as follows. In §2, we present simulation results quantifying the results of the QL, HOL r , and HOL estimators in the M t /M/s model with alternative arrival-rate intensity functions. We introduce a new estimator, HOL s , which approximates the arrival-rate intensity function by the corresponding average over time,λ. We present separate results for HOL s and show that it is outperformed by all other estimators considered. In §3, we present simulation results for the M t /GI/s model with alternative service-time distribution functions. In §4, we present tables with point and 95% confidence interval estimates for the M t /M/s + GI model. Corresponding tables were shown and discussed in §7 of the main paper.
In §5, we present simulation results for the M t /GI/s + GI model with general service and abandonment-time distributions. We present relevant tables of simulation results in §7.
Alternative Arrival-Rate Intensity Functions for the M t /M/s Model
In this section, we present additional simulation results for the M t /M/s model. For the arrivalrate intensity function, we consider three periodic functions: (i) sinusoidal, (ii) piecewise linear, and (iii) piecewise quadratic. We fix the number of servers s = 100, and vary the arrival ratē λ, along with the mean service time E [S] , to obtain different values of the traffic intensity, ρ. We measure the time-variability of the arrival process relative to the service times. For a fixed period (cycle) length of the arrival-rate function, a relatively small (large) value of E [S] corresponds to slow (high) time-variability in the arrival process, relative to the service times.
Sinusoidal Arrival Rates
In §4 of the main paper, we presented analytical results for the QL and HOL r delay estimators in the M t /M/s model with sinusoidal arrival rates. The corresponding arrival-rate intensity function is given in (4.5). Equation (4.6) yields an approximation for the difference in performance between QL and HOLr, which is particularly accurate for heavily-loaded systems. Here, we test the accuracy of this approximation by computing the relative percent difference (RPD), which is the relative error between simulation point estimates of ASE(HOL r )/ASE(QL), and numerical values given by (4.6).
In addition to QL, HOL, and HOL r , we consider the HOL s estimator which approximates the arrival process by a stationary process with rate equal to the average arrival rate,λ. Tables 1-6 show simulation point and 95% confidence interval estimates for QL, HOL r , HOL s , and HOL, for alternative values of the mean service time, E [S] . In particular, we let E[S] range from 5 minutes to 12 hours, assuming a daily cycle. Consistent with theory, QL is the most effective estimator, under the MSE criterion. The second best estimator is the HOL r estimator, which is more accurate than HOL and HOL s . The difference in performance between HOL r and HOL is remarkable for small values of E[S] (e.g, E[S] = 5 minutes). Table 1 shows that, with E[S] = 5 minutes, the difference in performance between HOL r and HOL is remarkable: ASE(HOL)/ASE(HOL r ranges from about 56 for ρ = 0.9 to about 125 for ρ = 0.98. The HOL s estimator performs even worse than HOL. The approximation in (4.6) is accurate: The RPD between simulation point estimates for ASE(HOL r )/ASE(QL), and numerical values given by (4.6) ranges from about 8% for ρ = 0.9 to less than 1% for ρ = 0.98.
Simulation results for other models are consistent with those reported above, except that the performances of HOL and HOL r are closer in this case. For example, Table 4 shows that, with E[S] = 3 hours, ASE(HOL)/ASE(HOL r ) ranges from about 3 for ρ = 0.9 to about 7 for ρ = 0.98. Moreover, the approximation in (4.6) is accurate throughout. For example, Table 6 shows that, with E[S] = 12 hours, the reported RPD ranges from about 16% for ρ = 0.9 to about 4% for ρ = 0.98.
Piecewise Linear Arrival Rates
We now consider a piecewise-linear arrival rate intensity function. In particular, we assume that λ(u) = (0.5 − 2k)λ + u if 2kλ ≤ u ≤ (2k + 1)λ, (2.5 + 2k)λ − u if (2k + 1)λ ≤ u ≤ (2k + 2)λ, (2.1)
where k ∈ Z, andλ is the average arrival rate. This piecewise-linear arrival-rate function periodically increases fromλ/2 to 3λ/2, and decreases from 3λ/2 toλ/2. The period (cycle) length is 2λ. The case of piecewise linear arrival rates is interesting because it can serve as an approximation to more complicated arrival-rate intensity functions.
With piecewise linear arrival rates, θ HOLr (t, w) can be easily computed using Equation (3.4) of the main paper, together with (2.1) above. We can also compare the performance of QL and HOL r . In order to compute the integral in (4.4), using (2.1), we would need to know the exact values of t − w and t (since the intensity function is defined piecewise). That is why we approximate λ(u) in (2.1) by the average arrival rateλ. By this approximation, the SCV in (4.4) becomes Let W (t) be the potential waiting time at time t, the time that an arrival at t would have to wait before beginning service. Since
where Q(t) is the number of customers waiting in queue upon arrival at t, the law of large numbers implies that W (t)/Q(t) → 1/sµ as Q(t) → ∞. Using (2.3), and assuming that n is large so that w ≈ n/sµ, yields ≈ 2(1 +λw)(n + 1) (2 +λw) 2 ≈ 2(n + 1) + 2ρn 2 + nρ Table 7 shows that HOL r performs, once more, much better than HOL. Indeed, the ratio ASE(HOL r )/ASE(HOL) ranges from about 86 for ρ = 0.9 to about 227 for ρ = 0.98. The approximation in (2.4) is, once more, accurate. The RPD reported ranges from about roughly 9% for ρ = 0.9 to less than 1% for ρ = 0.98. The approximation is more accurate for higher values of ρ, as expected.
Simulation results for other values of E[S] are consistent with the above, with one notable exception. The performances of HOL and HOL r are now closer than before. For example, Table   10 shows that with E[S] = 288 minutes (E[S] = 2λ/10) shows that ASE(HOL)/ASE(HOL r ) ranges from about 2.2 for ρ = 0.9 to about 5 for ρ = 0.98. As before, the difference in performance between HOL and HOL r increases as ρ increases. The approximation in (2.4) remains accurate: The RPD reported ranges from about −11% for ρ = 0.9 to less than -3%
for ρ = 0.98. Table 12 shows that, with E[S] = 12 hours, the performances of HOL and HOL r are closer than before. The ratio ASE(HOL)/ASE(HOL r ) ranges from about 1.7 for ρ = 0.9, to about 2 for ρ = 0.98. The accuracy of the approximation in (2.4) is as before: The RPD reported ranges from about −20% for ρ = 0.9 to about −3% for ρ = 0.98.
Piecewise Quadratic Arrival Rates
Finally, we consider a piecewise quadratic arrival-rate intensity function. In particular, we let
where k ∈ Z. This intensity function periodically increases from 0 to 3λ/2 and decreases back to 0; the period length is 2λ. Once more, approximating λ(u) byλ leads to 6) which coincides with Equation (4.6) of the main paper. Tables 13-18 show that simulation results with quadratic arrival rates are consistent with those reported for sinusoidal and linear arrival rates. Yet again, the difference in performance between HOL and HOL r is extreme for small values of E[S]. Table 13 shows that, with E[S] = 2λ/1000, ASE(HOL)/ASE(HOL r ) ranges from about 227 for ρ = 0.9 to about 530 for ρ = 0.98. That is, we see a remarkable improvement in performance due to a simple refinement of the HOL estimator. The approximation in (2.6) is accurate as well: The RPD reported ranges from −12% for ρ = 0.9 to about 4% for ρ = 0.98. Table 18 shows that, with E[S] = 12 hours, ASE(HOL)/ASE(HOL r ) ranges from about 2 for ρ = 0.9 to about 4 for ρ = 0.98. Moreover, the approximation in (2.6) is accurate: The RPD reported ranges from about −16% for ρ = 0.9 to about −4% for ρ = 0.98.
Results for the M t /GI/s Model
In this section, we present simulation results quantifying the performance of the estimators in the M t /GI/s model, with H 2 and LN (1, 1) service times. We consider the QL, HOL, HOL r , and HOL s estimators. Corresponding results for D, LN (1, 4), and M service times appear in the main paper.
For the arrival-rate intensity function, we consider sinusoidal arrivals; see Equation (4.5) of the main paper. For the relative frequency γ, we consider γ = 0.131 and γ = 1.571 which correspond to a mean service time E[S] = 30 minutes, and E[S] = 6 hours respectively. For the relative amplitude α, we consider α = 0.1 and α = 0.5. ranging from about 26% for ρ = 0.9 to about 16% for ρ = 0.98. The difference in performance between QL and HOL r is less than predicted by (2.6). Indeed, ASE(HOL r )/ASE(QL) ranges from about 1.7 for ρ = 0.9 to about 1.5 for ρ = 0.98. The HOL and HOL s estimators perform nearly the same, and worse than HOL r . For example, ASE(HOL)/ASE(HOL r ) is roughly equal to 1.7 for ρ = 0.98. Thus, we see an improvement in performance due to the refinement of HOL introduced in the paper. Table 20 shows that, with H 2 service times and E[S] = 30 minutes, the QL estimator is, yet again, the most effective estimator. The RRASE of QL ranges from about 20% for ρ = 0.9 to about 12% for ρ = 0.98. The HOL r , HOL, and HOL s estimators perform nearly the same in this model. That is expected, since the arrival-rate intensity function in this model is not highly time-varying. That is, the HOL estimator behaves nearly as with a stationary arrival process. The RRASE of HOL ranges from about 30% for ρ = 0.9 to about 17% for ρ = 0.98.
The difference in performance between HOL and QL is close to that in a stationary system, particularly when the system is heavily loaded. Indeed, ASE(HOL)/ASE(QL) is roughly equal to 2 with ρ = 0.98. Tables 21 and 22 show consistent results with LN (1, 1) service times. The QL estimator remains the most effective, and its performance is slightly better than with H 2 service times.
That is expected, since the LN (1, 1) service-time distribution has the same squared coefficient of variation (SCV) as the exponential distribution (SCV = 1), for which the QL estimator is provably the most accurate estimator, under the MSE criterion. For example, with E[S] = 30 minutes, Table 22 shows that RRASE(QL) ranges from about 20% for ρ = 0.9 to about 9% for ρ = 0.98. The HOL r estimator is the second most effective estimator. The difference in performance between HOL r , HOL, and HOL s is minimal for E[S] = 30 minutes; see Table   22 . The difference is more significant, however, with E[S] = 6 hours. For example, Table   21 shows that ASE(HOL)/ASE(HOL r ) is roughly equal to 3 for ρ = 0.98. The accuracy of the approximation in (2.6) is also more accurate than with H 2 service times. Indeed, ASE(HOL r )/ASE(QL) ranges from about 2 for ρ = 0.9 to about 2.2 for ρ = 0.98. That is, the RPD between simulation point estimates and numerical values given by (2.6) range from about 9% for ρ = 0.9 to about 7% for ρ = 0.98.
Results for the M t /M/s + GI Model
In this section, we present tables with point and 95% confidence interval estimates for the M t /M/s + GI model, presented and discussed in §7 of the main paper. We include results for the QL estimator in those tables. We present results for M , H 2 , and E 10 abandonment in Tables 23, 24 , and 25, respectively. For a discussion of the results, the reader is referred to §7 of the main paper.
Results for the M t /GI/s + GI Model
In this section, we present simulation results for the M t /GI/s + GI model. For the servicetime distribution, we consider D and H 2 distributions. For the abandonment-time distribution, we consider M , H 2 , and E 10 . With sinusoidal arrival rates, we consider a relative frequency γ = 1.571 which corresponds to a mean service time E[S] = 6 hours with daily cycles. For the relative amplitude, we let α = 0.5. Our simulation results are based on 10 independent replications of length 1 month each.
D service times
In Tables 26, 28 , and 30, we present simulation results for the
and M t /D/s + E 10 models, respectively. Tables 26 and 28 show that, with both M and H 2 abandonment, we get simulation results consistent those reported earlier. 
H 2 service times
In Tables 27, 29 , and 31, we present simulation results for the
and M t /H 2 /s + E 10 models, respectively. Table 27 shows that QL m remains the most effective estimator in this model. The RRASE of QL m ranges from about 16% for s = 100 to less than 5% for s = 1000. The QL h estimator is the second best estimator in this model. The ratio ASE(QL h )/ASE(QL m ) is close to 1.5
for all values of s considered. The HOL estimator is, once more, the least effective estimator, among those considered. The RRASE of HOL ranges from about 30% for s = 100 to about 24% for s = 1000. The ratio ASE(HOL)/ASE(QL m ) ranges from about 4 for s = 100 to about 24 for s = 1000. Once more, we see a significant degradation in the performance of HOL, with time-varying arrivals. Table 29 shows that, with H 2 abandonment, QL m is no longer the most effective estimator, particularly for a large number of servers. The ratio ASE(QL m )/ASE(QL h ) ranges from about 0.8 for s = 100 to about 2.5 for s = 1000. The RRASE of QL h (which is the best possible in this model) ranges from about 21% for s = 100 to about 6% for s = 1000. The RRASE of QL m ranges from about 20% for s = 100 to about 11% for s = 1000. The HOL estimator is the least effective estimator: ASE(HOL)/ASE(QL h ) ranges from about 2 for s = 100 to about 8 for s = 1000. Plots of s×ASE of the estimators show that QL h is asymptotically correct, whereas QL m and HOL are not. ranges from about 1.4 for s = 100 to about 7 for s = 1000. The RRASE of QL h (which is the best possible in this model) ranges from about 10% for s = 100 to less than 5% for s = 1000.
The RRASE of QL m is close to 10% for all s considered. The HOL estimator is the least effective estimator: ASE(HOL)/ASE(QL h ) ranges from about 6 for s = 100 to about 34 for s = 1000. Plots of s×ASE of the estimators show that QL h is asymptotically correct, whereas QL m and HOL are not.
Estimating the Required Additional Information for HOL r
The statistical accuracy of HOL r is obtained at the expense of ease of implementation. In addition to the HOL delay, w, HOLr depends on the arrival-rate function, λ(t), and the mean time between successive service completions (which equals 1/sµ with s simultaneously busy servers and i.i.d. exponential service times with rate µ); see Equation (4.2) of the main paper. In practice, the implementation of HOL r requires knowledge of those system parameters, which may require estimation from data. Any estimation procedure inevitably produces some estimation error, which would affect the performance of HOL r .
In this section, we describe additional simulation experiments quantifying the effect of additional information on HOL r . In particular, we would like to assess the level of error x that is allowed for the performance of HOL r to remain better than that of HOL. In general, we find that the relative of admissible error x is around 5%; see Tables 32-43. Note that the length of estimation interval needed for each of the service-time distributions depends on the variability of the distribution itself. In particular, high variability distributions such as H 2 require longer intervals. 4.48 × 10 −4 ±1.13 × 10 −2 1.14 × 10 −2 Table 6 : A comparison of the efficiency of QL, HOL, HOL r , and HOL s as a function of the traffic intensity ρ, for sinusoidal arrival rates with relative amplitude α = 0.5 and relative frequency γ = 3.14 (corresponding to a mean service time of 12 hours). Point estimates of the relative percent difference (RPD) between simulation point estimates and numerical values given by Equation(4.6) are shown. Table 32 : Performance of HOL r (x) delay estimators, as a function of the traffic intensity, ρ, and alternative x, in the M t /M/100 queueing model with α = 0.1 and E[S] = 5 minutes. Sample sizes needed and length of estimation intervals required are also included. Table 41 : Performance of HOL r (x) delay estimators, as a function of the traffic intensity, ρ, and alternative x, in the M t /M/100 queueing model with α = 0.5 and E[S] = 6 hours. Sample sizes needed and length of estimation intervals required are also included. 
Simulation Results
M t /M/100, α = 0.5, E[S] = 5 min HOL r (x) ρ x = 0.1 x = 0.05 x = 0.02 HOL r x = -0.02 x = -0.05 x = -
